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Abstract 


We  describe  a  method  for  analytically  integrating,  over  a  circular  aperture, 
the  emission  from  an  oscillating  dipole  inside  a  dielectric  sphere.  The  model  is 
useful  for  investigating  fluorescence,  Raman,  or  other  emission  from  molecules 
inside  spherical  particles  or  droplets.  The  analysis  is  performed  for  two  cases: 
(1)  the  dipole  emits  from  a  hxed  orientation,  and  (2)  the  dipole  emits  from 
all  orientations.  In  both  cases,  all  light  entering  the  aperture  is  collected.  The 
second  case  models  the  collection  of  emission  from  a  molecule  that  is  excited 
repeatedly;  after  each  excitation,  it  rotates  to  a  random  orientation  before 
emitting.  These  results  are  applicable  to  single-molecule  detection  techniques 
employing  microdroplets  and  to  other  techniques  for  characterizing  micropar¬ 
ticles  through  the  use  of  luminescence  or  inelastic  scattering. 
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1.  Introduction 


Collection  of  emission  from  molecules  in,  on,  or  near  small  particles  is  impor¬ 
tant  for  a  variety  of  applications:  e.g.,  detection  of  single  fluorescent  molecules 
in  microspheres  [1-6],  characterization  of  particles  or  droplets  using  fluo¬ 
rescence  [7,8]  or  Raman  [9]  emission  (the  particles  may  be  inhomogeneous 
particles,  as  in  a  droplet  containing  viruses  or  bacteria),  characterization  of 
lasing  or  nonlinear  emission  processes  [10]  or  energy  transfer  [11]  in  micro¬ 
spheres,  determination  of  the  orientation  of  molecules  on  the  surface  of  a 
droplet  [12,13],  and  measurements  of  cavity  quantum  electrodynamic  effects 
in  spheres  [13-16].  Collection  of  light  elastically  scattered  by  inclusions  in¬ 
side  droplets  [17-19]  is  a  related  problem.  The  irradiance  collected  by  a  lens 
depends  on  the  position  of  the  molecule(s)  or  scatterer(s)  within  the  particle, 
because  light  reflects  and  refracts  at  the  particle  surface. 

Fluorescence  and  Raman  emission  from  molecules  inside  spheres  have  been 
modeled  assuming  the  molecule  can  be  approximated  as  an  oscillating  dipole 
[20-23].  The  helds  of  the  dipole  and  the  helds  induced  inside  and  outside 
the  sphere  are  expanded  in  spherical  wave  functions,  and  the  expansion  co¬ 
efficients  are  determined  by  enforcement  of  the  boundary  conditions  at  the 
sphere’s  surface.  Real  molecules  emit  with  a  nonzero  transition  linewidth. 
One  can  approximate  the  emission  over  the  linewidth  by  averaging  the  out¬ 
put  over  a  lineshape  function  [22]. 

In  earlier  work  [22,23],  Hill  et  al  calculated  the  collection  of  fluorescence  from 
a  molecule,  modeled  as  an  oscillating  dipole,  using  numerical  integration  over 
a  circular  collection  aperture.  In  experimental  work,  it  is  often  important  to 
maximize  the  collection  solid  angle  in  order  to  maximize  the  signal.  A  prob¬ 
lem  arises  when  one  uses  numerical  integration  over  the  aperture:  as  the 
solid  angle  of  the  collection  aperture  increases,  the  number  of  points  needed 
for  accurate  numerical  integration  can  become  prohibitive;  the  problem  be¬ 
comes  worse  as  the  size  of  the  sphere  increases.  Problems  with  integrating 
over  large-solid-angle  apertures  become  even  more  important  in  modeling 
fluorescence  or  other  emission  in  which  the  intensity  must  be  integrated  over 
emission  frequency  [22,23],  particularly  when  high  Q  morphology-dependent 
resonances  of  the  spheres  are  within  the  emission  band. 
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Methods  have  been  developed  for  “analytically”  integrating,  over  a  circular 
aperture,  the  scattering  from  a  sphere  illuminated  with  one  or  more  plane 
waves  [24-30] .  In  those  methods,  the  integration  computations  are  performed 
with  recursion  relations  replacing  the  numerical  integration  scheme.  Since  nu¬ 
merical  integration  is  not  required,  the  approach  is  referred  to  as  “analytical.” 
Advantages  of  the  analytical  method  are  that  numerical  results  do  not  have 
to  be  checked  for  convergence  (as  they  must  be  when  numerical  integration 
is  used),  and  the  analytical  method  can  readily  treat  solid  angles  up  to  dvr  sr. 

In  this  report,  we  show  that  the  emission  from  a  dipole  inside  a  spherical  par¬ 
ticle  can  be  integrated  analytically  over  a  collection  aperture.  We  consider 
two  cases:  (1)  emission  from  a  dipole  with  hxed  orientation,  and  (2)  emission 
from  a  dipole  that  rotates  through  all  orientations.  For  case  (2),  we  show  how 
the  irradiance  collected  by  the  aperture  can  be  obtained  by  analytical  inte¬ 
gration  over  all  dipole  orientations.  The  rotating  dipole  model  is  appropriate 
for  collection  of  fluorescent  emission  from  a  small  molecule  (e.g.,  laser  dye) 
in  water,  where  the  molecule  is  excited  repeatedly.  In  integrating  the  emitted 
irradiance  over  the  circular  aperture,  we  apply  some  of  the  techniques  used 
previously  for  scattering  by  spheres  [24-30]. 

In  section  2,  we  describe  the  situation  to  be  modeled:  the  sphere,  dipole, 
electric  helds,  aperture,  and  coordinate  systems.  In  section  3,  we  integrate  the 
irradiance  over  the  circular  aperture  when  the  dipole  is  in  a  hxed  orientation, 
and  provide  (in  eq  (31))  a  key  result  of  this  report:  an  explicit  expression  for 
the  power  collected.  In  section  4,  we  integrate  the  collected  intensity  at  the 
aperture  for  a  rotating  dipole,  and  provide  the  results  in  equation  (43).  We 
summarize  our  work  in  section  5.  Four  appendices  provide  mathematical 
details. 
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2.  The  Sphere  Dipole  Fields  and  Aperture 


In  this  section  we  define  the  problem  (sphere,  dipole,  apertnre,  fields)  for 
which  we  derive  analytic  solntions  in  sections  3  and  4.  The  region  inside  the 
sphere,  region  1  with  refractive  index  Ni,  is  assumed  to  be  homogeneous, 
except  for  one  or  more  oscillating  dipoles.  The  effect  of  any  dipole  (molecule) 
on  the  absorption  of  emission  from  other  dipoles  is  included  in  the  homoge¬ 
neous  refractive  index  of  the  sphere.  The  region  outside  the  sphere,  region  2 
with  refractive  index  N2,  is  infinite  and  homogeneous,  except  for  the  circu¬ 
lar  aperture  and  lens,  which  are  far  from  the  sphere.  The  wavenumbers  are 
ko  =  oj/c  in  vacuum,  ki  =  Niko  in  region  1,  and  k2  =  N2ko  in  region  2. 

An  {x,  y,  z)  Cartesian  coordinate  system  with  basis  vectors  (x,  y,  z)  is  located 
with  its  origin  at  the  center  of  the  sphere.  The  spherical  system  associated 
with  the  (x,  y,  z)  Cartesian  system  is  the  (r,  9,  0)  system  with  basis  vectors 
(r,  6,4>).  The  ;2-axis,  by  definition,  extends  through  the  center  of  the  circular 
aperture.  An  oscillating  dipole  p,  with  exp(— icnt)  time  variation,  is  located 
at  Td,  and  the  orientation  of  the  x-axis  can  be  defined  with  respect  to  r^.  We 
do  this  by  giving  the  results  in  a  form  that  holds  for  any  chosen  orientation 
of  the  x-axis. 

The  coordinates  of  in  the  spherical  system  are  (r^,  Od,  4>d)-  The  half-plane 
containing  the  ;2-axis  and  is  at  an  angle  of  (j)d  from  the  x-axis,  and  the 
choice  of  (pd  has  the  effect  of  locating  the  x-axis  with  respect  to  We  give 
the  results  in  a  general  form  that  holds  for  any  value  of  (pd- 

Typically,  an  incident  electromagnetic  wave  would  be  required  to  excite  the 
dipole  [20]  (molecule),  although  there  are  exceptions:  e.g.,  chemiluminescence 
and  emission  of  thermal  photons.  We  do  not  treat  the  problem  of  excitation 
of  the  dipole  here.  Methods  of  calculating  the  internal  fields  of  spheres  illu¬ 
minated  with  plane  waves  [20,31,32],  counterpropagating  plane  waves  [23], 
or  Gaussian  beams  [33,34]  are  well  understood.  For  a  molecule  with  a  rota¬ 
tional  diffusion  time  that  is  short  compared  to  its  average  emission  time,  the 
excitation  and  emission  problems  can  be  separated  (as  described  elsewhere 
|23]). 

The  electric  field  produced  at  r  in  region  2  by  dipole  p  at  in  region  1  can 
be  expressed  as 

E(r)  G(r,rJ-p(rJ,  (1) 
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where  G(r,rrf)  is  a  dyadic  Green  function  [35]  for  a  source  inside  a  sphere,* 
written  here  as 


^  /  \  ik2fJ^2 


i:  (-1)”  c„M®  (fer)M;;>_„(fer,) 


47r/ii  n{n  +  1) 

+  <i„Ni™(fer)N"h,(*:irj) 


(2) 


The  Cn  and  dn  are  the  internal  held  coefficients  for  region  1  as  dehned  by 
Bohren  and  Huffman  [31].  The  and  are  the  complex  normalized 

vector  spherical  harmonics  [36] 


Mil(/cr)  =  V  X  (rzl^\p)exp{im(j))  P„™(cos6')) 


=  izl^\p)  exp{im(j))  6  TinmicosO)  +  i4>Tnm{cos6) 


(3a) 

(3b) 


Nil(A:r) 


iv  X  m“  (ir) 


r  Z  ^  ( /?) _ 

exp(fm0)  fn(n  +  1)^^^ - -PnmicosO) 

^  P 


(d/dp)  (p4^)(p))  ,  . 

- ^ ^  [G  rnm{cOs9)  +  l(p7rnm{cOs9)) 

p  ^  ^ 


(4a) 


(4b) 


where  p  =  /cr,  the  z^^kr)  are  spherical  Bessel  functions  jn{kr)  when  q  =  1, 
and  are  spherical  Hankel  functions  h^^^kr)  when  q  =  3,  and  where 


7r„^(cos6') 

^"^^(cosd) 


mPnm{cos9) 
sin  9  ’ 

{d/d9)Pnm{cos9), 


(5) 

(6) 


where  the  Pnm{cos9)  are  the  normalized  associated  Legendre  functions  of 
Arfken  [37]  and  Belousov  [38].  Computation  of  these  functions  is  discussed 
in  appendix  A. 

*The  Green  function  shown  here  can  be  obtained  following  the  approach  of  Tai  [35]. 
The  notation  of  equation  (1)  differs  from  Tai’s  notation  in  that  it  employs  the  complex 
vector  spherical  harmonics  (see  app  B).  Tai  does  the  problem  for  a  dipole  outside  a  sphere. 
We  used  his  approach  to  do  the  problem  for  a  dipole  inside  a  sphere. 


4 


The  dipole  is  p  =  pp,  where  p  is  the  dipole  magnitude  and  p  is  a  unit  vector 
in  the  direction  of  the  dipole  axis.  The  dipole  direction  p  is  specihed  by  the 
Euler  angles  a  and  (3  (the  0  and  9  angles  describing  the  dipole  direction  with 
respect  to  the  {x,y,z)  system),  such  that 

P  =  (7) 

where  (§1,62,63)  =  (x,  y,z)  and 

fi  =  sin cos  a,  (8a) 

/2  =  sin sin  a,  (8b) 

/s  =  cos  (3.  (8c) 


Using  equations  (1),  (2),  and  (7),  we  can  write  the  electric  held  at  r  generated 
by  a  dipole  at  as 


E(r)  =E, 


00 


2i 


ref  ^ 
n 


=inin  +  l) 


E  E 

j 


/. 


C'^  IVT 

^n,—m 


(9) 


where 


Eref  =  (^)  (  — )  h(k„f, 

\ATTeoJ  Vhohi  / 

(10) 

=  (-l)'"cnej  ■ 

(11) 

di_m  ^  i-irdner^nlmihrd). 

(12) 

All  the  light  emitted  into  the  solid  angle  intercepted  by  the  aperture  is  as¬ 
sumed  to  be  collected.  The  aperture  extends  from  6*min  to  6*max  and  is  circular 
(0  <  0  <  27r).  The  solid  angle  with  9  <  9mm  is  covered  by  a  concentric 
aperture  stop.  With  dQ  =  sin6'  d9  d<p,  the  aperture  solid  angle  is 

p‘27T  = 

Af2  =  /  /  dVL  =  27r[cOs(6'min)  —  COs(6'inax)]-  (13) 

Jo  Je=e^i^ 
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3.  Collection  of  Emission  from  a  Fixed-Orientation 
Dipole 


The  radiant  power  collected  by  the  aperture  is 


P  =  [  dQr^I{r), 
JAn 


where  the  irradiance  of  the  emitted  light  at  r  is 

m  =  ^lEwr  (15) 

Here,  we  use  a  dimensionless  power  collected  by  the  aperture,  Pd,  dehned  as 

Pd  =  ^P,  (16) 

^ref 

where  Iref  is  the  irradiance  of  a  reference  electromagnetic  wave, 

^ref  =  ’  (17a) 


Stt  47reo  ho(hi)^ 


cp\kaf(kof. 


(17b) 


In  terms  of  the  electric  held,  the  dimensionless  power  collected  is 


Pd=  f  dn{k2fr 
JAn 


2^2\mr 

{Eref? 


The  aperture  is  in  the  far  held  of  the  sphere.  As  p2  =  k2r  becomes  large, 
h^n\p2)  can  be  replaced  by  its  asymptotic  expression,  (— i)’^[exp(ip2)] Ap2, 
and  the  M„^(/i;2r)  and  N)j^(/i;2r)  from  equations  (3b)  and  (4b)  can  be  written 


j  ,  (19) 

P2  \Tnm{cOSe)l  \  (cOS  0)  / 
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Because  /(r)  is  inversely  proportional  to  (p2)^  in  the  far  field,  Pd  is  not  a 
function  of  r,  the  distance  from  the  sphere’s  center  to  a  held  point  r  on  the 
aperture. 

Substituting  equation  (9)  for  E(r)  into  equation  (18),  simplifying  the  result 
with  the  help  of  equation  (19),  and  then  integrating  over  0  from  0  to  2tt, 
leads  to 


oo  oo  min(n,n')  3  3 

n=l  n'=l  m=—  mm{n,n')  j=l  j'=l 


E  E  f,ff 


dot  -^dot 

nn'—mj  ^nn'm  yy'  nn'—m  j  -^nn'm 


cross  -jCross 


.  (20) 


where 


dot  _ 

nn'—m 


cross 

nn'—m 
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(Cn,-m  (“O”  (0”' 

n{n  +  l)n'(n'  +  1) 

(cn,-m  d^n*-m  +  di^-m  C^^-rr)  (“0” 

n{n  +  l)n'(n'  +  1) 


(21) 

(22) 


and 


■jCross 

^nn'm 


rMmin 


'  A^max 


-fnP  nm^^t)P  n'mil-d) 


Mmin 


-I  Mma 


(23) 


where  /i  =  cos  6*,  =  cos^min,  and  /imax  =  cos6*niax,  and 

—dot  f 

^nn'm  ~  I  “h  (/^)^n^m (/^) ) 

^  Mmax 


(24) 


:^dot 


The  evaluation  of  Inn'm  requires  consideration  of  two  cases.  When  n  ^  n'. 


jdot 

^nn'm 


-1) 


n(n  +  1)  —  n'(n'  +  1) 


A^max 

(25) 


When  n  =  n',  is  obtained  with  the  relation 


^dot 

^nnm 


i)p 

nm  - 


A^min 


+  n{n  +  1)/.: 


(26) 


A^max 
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where 


i  n.n.rr).  — 


'  /^max 


Pnm  (/^)  a/1  n,m— 1  (/^) 

■y/(n  +  m)  (n  —  m  +  1) 


A^min 


+  I 


nn,m— 1  • 


(27) 


A^max 


The  evaluation  of  the  above  integrals  is  discussed  in  appendix  C. 

The  expression  for  the  power  collected,  equation  (20),  can  be  simplihed  fur¬ 
ther;  First,  we  use  the  general  result. 


M  M 


^  )  Fm  —  ^  4”  P—m}  : 

m=—M  m=0 

(28) 

where  is  the  Neumann  function  dehned  as  Cq  =  1  and 

second,  we  use  the  relations 

=  2  for  m  7^  0; 

jdot  ydoA 

^nn' ,—m 

(29a) 

jCross  yCro5s 

^nn' ,—m  ^nn'm' 

(29b) 

Equations  (29)  above  are  obtained  with 

(30a) 

Tn-m(/i)  =  (-l)™’^Vnm(h), 

(30b) 

'T~n,—m{P)  ~  (  1)  ^nm(h')) 

(30c) 

which  follow  from  the  function  dehnitions.  Using  equations  (20)  and  (28)  to 
(30),  we  obtain  our  hnal  result  for  the  normalized  power  analytically  inte¬ 
grated  over  the  aperture: 


Pd 
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oo  oo  min(n,n') 

^  ^  ^ 

n=l  n'=l  m=0 


■^cross  V  V  p  p 

^nn^m  /  ^  ^  JjJj' 

j=ij'=i 


3  3 

jdot 

^nn'm  /  ^  ^  J  3 

j=i  j>=i 


dot 

nn'm 


,33 


(31) 


The  sums  over  fjfj>  and  fjff  are 


E  S  Mr  {i’iMY’' 

j=l  j'=l 


n{n  +  l)n'(n'  +  1) 

X  f  E f  E /i'Cn'. 


E«.n  E//<'r 


E  E  f^fr  («::)"'  = 

j=l  j'=l 


n{n  +  l)n'(n'  +  1) 

X  f  E f  E 


where  the  sums  can  be  expanded  as 


=  (-irc.  E/A  -M, 


=  (-l)™Cnjn(Pd)*exp(im0rf)  sin /3  cos  61^  cos  (a  -  0d) 


(34a) 


-cos/3sin6'rf  nnm{cos9d) 

+  sin/3sin  (a  -  0rf)if„m(cos6'rf)  , 


(34b) 
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and 


E  fjdim 

i=i 


E  ■  N 

i=i 


^(1) 
nm 


=  (-l)”'(inexp(im0rf) 
,jn{Pd 


sin  f3  cos  6d  cos(q;  —  0^)  —  cos  f3  sin  Od 


X  n{n  +  1) - -Pnm{cos6d)  +  sin /3  cos  6^^  cos  {a  -  (j)d) 

Pd  V 


cos f3 sin 9 d  Tnm{cos6d) 


+  sin  f3  sin  (a  —  0rf)i7r„m(cos  6d)  x 


'  1  d{pdin{pd))' 
Pd  dpd 


(35a) 


(35b) 


To  evalnate  the  terms  with  — m,  i.e.,  eqnation 

(31),  we  rewrite  eqnations  (32)  to  (35)  with  m  (— m).  Then  eqnations  (30) 
are  used  to  evaluate  the  rewritten  versions  of  equations  (34)  and  (35). 


10 


4.  Collection  of  Emission  from  a  Rotating  Dipole 


A  fluorescent  molecule  in  a  low- viscosity  liquid  may,  after  absorbing  a  photon, 
rotate  many  times  before  emitting  a  photon.  For  example,  the  rotational 
diffusion  time  for  R6G  in  water  is  a  few  picoseconds,  while  the  average  time 
before  emission  is  ~3  ns.  In  cases  where  the  collection  time  is  much  longer 
than  3  ns,  many  photons  are  emitted  in  all  directions  from  a  rapidly  rotating 
molecule  as  the  fluorescence  is  collected,  and  we  can  obtain  the  resulting 
signal  by  averaging  over  all  orientations  of  the  rotating  molecule. 

Any  function  g{a,P),  where  a  and  f3  are  the  Euler  angles,  can  be  averaged 
over  orientations  with  the  expression 

^  r2'K  p27v 

{g{a,p)}  =  —  da  dpsmpg{a,p).  (36) 

47r  Ja=0  ^13=0 

We  substitute  /j/y  for  g{a,P)  in  this  equation,  use  the  dehnitions  of  equa¬ 
tions  (8),  and  evaluate  the  integrals  to  give 

{fjff}  =  (37) 

where  6jji  is  the  Kronecker  delta  function. 

We  obtain  the  portion  of  the  dimensionless  power  (emitted  by  a  randomly 
rotating  dipole)  that  is  collected  by  the  aperture  {Pd},  by  averaging  Pd 
(given  in  eq  (31))  over  all  dipole  orientations.  By  using  equations  (36)  and 
(37),  we  find  the  result  to  be 


{Pd} 


Att 


oo  oo  min(n,n') 


E 


n=l  n'=l  m=0 
3 

'cross  ' 

'^nn'm  J 


jdoi  \P  , 

^nn'm  /  j  I  \  ' 


i=i 


6 

ycross  X  X  f  j  cross\^^  (  j  cross 

^n.n'ro.  /  >  [Tnn'mJ  [rnri'y—mj 


i=i 


Evaluating  the  sums  over  j  gives 


(38) 


(39) 
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and 


E  (v«X)" 


j  =  l 


cross 

nn'ra 


cross* 
n'nm  ’ 


(40) 


where 


dot 

nn'm 


cross 

nn'm 


CnCn'  (irj) 


■  + rf„<, 


^  1 _  _ 

n{n  +  l)n'(n'  +  1)  ’ 


n(n  +  l)n'(n'  +  1) 


(41) 

(42) 


The  symmetry  operation  of  interchanging  the  summation  indices  n  and  n'  in 
"^n'nm  then  allows  equation  (38)  to  be  rewritten  as 

o_  OO  oo  min(n,n') 

=  e  e 

n=l  n'=l  m=0 

The  radiant  power  of  the  collected  emission  from  a  sphere  containing  a  ro¬ 
tating  dipole  is  then  computed  with  the  relation 

In  previous  work  [22,23],  it  was  convenient  to  use  the  normalized  fluorescence 
collected  F{rd,  uj),  which  is  the  fluorescence  collected  from  a  dipole  in  a  sphere 
normalized  by  the  fluorescence  collected  from  a  dipole  in  a  homogeneous 
medium,  i.e., 

F(r,,u;)^  jTT-.  (45) 

j  horn 

To  calculate  {P}hom,  we  set  the  medium  of  the  sphere  identical  to  that  of 
the  surrounding  medium  (i.e.,  Ni  =  N2  and  pi  =  /i2)-  We  show  in  appendix 
D  that  {Polhom  =  (2/3)Ar2,  so  that 

-  ((^)  (1^) 


T  /t n't  -rClot 

T  ,  I  , 

nn'm  nn'm 


|2Re(>I>S“)]C”. 


.  (43) 
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for  any  Af2  and  for  any  position  of  the  dipole  within  the  sphere.  The 
malized  power  collected  by  the  aperture  is  then 


F{rd,uj) 


OO  CO  min(n,n') 


Att 


An  ,, 

n=l  n—1 


m=0 


l'S„C„-[2Re(>l'r".)lI 


across 

nn'm 


nor- 

(47) 
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5.  Summary 


We  have  developed  analytical  expressions  for  the  power  entering  a  collecting 
aperture  after  emission  from  a  dipole  inside  a  spherical  particle  or  droplet. 
The  key  results  of  this  report  are  equations  (31)  and  (43):  equation  (31)  gives 
the  power  collected  by  an  aperture  when  the  dipole  is  in  a  hxed  orientation, 
and  equation  (43)  gives  the  power  collected  by  the  aperture  when  the  emission 
is  integrated  over  all  dipole  orientations. 

The  results  should  be  useful  in  modeling  experiments  in  which  fluorescence 
or  other  emission  from  molecules  inside,  on,  or  near  the  surface  of  a  sphere 
is  measured.  The  results  for  integrating  over  dipole  orientation  are  useful  for 
modeling  a  dipole  (at  a  hxed  position)  when  the  rotational  diffusion  time  is 
much  smaller  than  the  huorescence  lifetime  of  the  molecule,  which  in  turn  is 
much  smaller  than  the  collection  time  for  the  experiment;  in  such  an  exper¬ 
iment,  the  molecule  absorbs  and  emits  many  photons  from  many  different 
random  orientations.  An  advantage  of  performing  the  integrations  over  the 
aperture  analytically  is  that  one  need  not  test  the  results  for  convergence 
when  the  size,  refractive  index,  or  numerical  aperture  increase.  We  suggest 
that  the  results  presented  here  may  be  particularly  useful  for  cases  in  which 
the  results  must  be  integrated  over  a  large  wavelength  range  and  the  sphere 
is  in  a  size  range  where  narrow  morphology-dependent  resonances  strongly 
influence  the  emission. 
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Appendix  A.  Computation  of  the  Pnm^  T^nm-)  Tnm 
Functions 


The  TTnmifJ')  and  Tnmif^)  functions  are  defined  here  as 


'^nm  (h) 


^^Pnm  (h) 


(A-1) 

(A-2) 


where  PnmifJ')  is  the  normalized  associated  Legendre  function  dehned  by 
Arfken  [37]  and  Belousov  [38]  as 


(A-3) 


where 


_  (2n  +  l)(n  — m)! 

=  \  2(n  +  m)!  ^ 


(A-4) 


and 

Jm 

(A-5) 

is  the  associated  Legendre  function  as  dehned  by  Arfken  [37]  and  Stratton 
[39]  and  used  in  the  standard  light  scattering  references  by  Bohren  and  Huff¬ 
man  [31]  and  van  de  Hulst  [40].  These  Legendre  functions  differ  by  a  factor 
of  (—1)™'  from  the  Legendre  functions  used  by  Jackson  [41],  Abramowitz  and 
Stegun  [42],  and  Gradshteyn  and  Ryzhik  [43].  These  last  two  references  are 
of  particular  interest  for  their  extensive  recursion  relations,  but  care  must 
be  exercised  because  of  the  (—I)’”  factor  difference.  The  Wnm  and  r^m  func¬ 
tions  are  dehned  here  to  agree  with  Fuller’s  dehnitions  [44],  except  with  an 
additional  factor  of  A„m-  There  is  a  computational  advantage  to  using  nor¬ 
malized  Legendre  functions,  because  the  factorials  in  Anm  do  not  have  to  be 
computed  separately  but  are  incorporated  into  the  recursion  relations. 
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We  can  obtain  two  relations  convenient  for  computing  Pnmil^),  and 

'Tnmi.lj)  by  rewriting  equations  (8.733)  given  by  Gradshteyn  and  Ryzhik  [43] 
as 


(n  -  m  +  l)(n  +  m)Pn,m-i{fJ^) 


+  J {n  +  m  +  l){n  -  m)Pn,m+i{l^) 


(n  -  m  +  l)(n  +  m)Pn,m-i{fj) 


(n  +  m  +  l)(n  - 


(A-6) 


(A-7) 


If  /i  7^  1,  then  equation  (A-1)  is  used  to  compute  TTnmil^)  from  PnmifJ^),  and 
the  above  two  relations  are  used  to  compute  Pn,m+i{,lj)  and  Tnm{f^)- 

If  /i  =  1,  then 

PnM  =  (A-8) 

and  equations  (A-6)  and  (A-7)  become 


'^nm  ( 1 ) 


nm  ( 1 ) 


1  /(2n  +  l)n(n  +  1) 

A - ^ 

1  /(2n  +  l)n(n  +  1) 

A - 2 - 


+  ^m-l)  , 
— l)  • 


(A-9) 

(A-10) 
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Appendix  B.  The  Green  Function 


Using  the  traditional  vector  spherical  harmonics,  Tai  [35]  writes  the  equations 
necessary  to  solve  for  the  Green  functions  when  the  dipole  is  outside  the 
sphere.  Tai  [35]  does  not  explicitly  give  the  results  for  his  coefficients 
Bn,  Cn,  and  Dn-  However,  when  his  equations  are  solved,  his  upper  case 
coefficients  can  be  seen  to  be  related  to  the  lower  case  sphere  coefficients  of 
Bohren  and  Huffman  [31],  as 


A  —  —h 

■^n  ^72  5 

Bn  (^n, 

Dn  dn- 

The  Green  functions  for  a  dipole  inside  the  sphere  can  be  obtained  with 
essentially  the  same  approach  used  by  Tai  [35]  for  the  external  dipole,  and 
we  obtain  the  result  for  the  region  outside  the  sphere  as 


(B-l) 


G(r,rj)  =  ,  \  ,  y  y  [c„  (fcjr) 

n=l  -*-/  m=0  a=e,o 


(B-2) 


To  rewrite  this  result  with  our  vector  spherical  harmonics  (eq  (3b)  and  (4b)), 
we  note  that  they  are  related  to  the  traditional  ones  [31,32,39]  by  the  relations 

=  t  (m“  +  (-Ij^Miy^)  ,  (B-3) 

=  1  (m“  -  (-^’"M.'y^)  ,  (B-4) 

=  t  (]n“  +  (-Ij^Niy^)  ,  (B-5) 

1  (n“  -  (-Ij'-Nly .„)  ,  (B-6) 

where  Anm  is  dehned  in  equation  (A-4). 
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Using  equations  (B-3)  to  (B-6)  we  rewrite  the  Green  function  as 


■1)’ 


X  c„(m®  (fer)  +  Ml=L.„(fer) 

+  rf„(N2.(fer)  NU.„(*:.r,)  +  W„%Jhr)  N™. (far.)) 


(B-7) 


Then  using  the  general  relation  for  sums  given  in  equation  (28),  we  obtain 


^  /  \  ik2H2 

G(r,rJ  =  7^2^ 


E  (-ir 


47r/ri  n{n  +  1) 

X  |c„  M!)i(far)  Ml'L.„(*:,r.)  +  d„N;,)!.(far)  N™  „(tir.) 


(B-8) 
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Appendix  C.  Evaluation  of  and 


The  result  for  'i-nn'm  given  in  equation  (23)  in  the  body  of  the  report  is 
obtained  by  inspection. 

We  can  prove  the  expressions  for  (25)  to  (27))  by  taking  the  deriva¬ 

tive  with  respect  to  jj,  of  both  sides  of  the  equations,  and  then  using  equations 
(A-1)  and  (A-2).  Equation  (27)  can  be  proved  with  the  help  of 


-p  /  \  _  T  ^  nm  (h) 

-v  n,m-llhl  r - — - -) 

J  [n  +  m)[n  —  m  +  1) 


(C-1) 


which  we  obtain  by  adding  equations  (A-6)  and  (A-7).  It  is  also  helpful  to 
know  that  the  differential  equation  for  the  associated  Legendre  function  can 
be  written  as 

^  =  n{n  +  l)Pnm(/i)  “  '  (^"2) 


21 


Appendix  D.  {Pd}  in  n  Homogeneous  Medium 


To  check  the  derivations  and  to  obtain  a  valne  for  normalization,  we  set  the 
medinm  of  the  sphere  identical  to  the  medinm  snrronnding  the  sphere  (i.e., 
Ni  =  N2  and  /ii  =  fi2,  where  both  Ni  and  N2  are  real).  Then  eqnation  (43) 
can  be  shown  to  give  the  result  {Pd}  =  (2/3)Ar2  for  any  Ahl  and  for  any 
position  of  the  dipole  within  the  sphere.  We  start  with  a  proof  for  Ahl  =  47r, 
and  extend  that  result  with  an  intuitive  argument  to  arbitrary  Ahl. 

If  Ni  =  N2  and  /ii  =  /i2,  then  Cn  =  dn  =  1.  Further,  if  Ahl  =  47r,  then 
Pn'm  =  +  ^)dnn'  and  =  0,  SO  that  equation  (43)  becomes 


r  r>  \Af^=47r 
I PP  f  horn 


3  n{n  +  l) 


(D-1) 


Because  Ni  is  real  here,  pd  =  kird  is  also  real.  This  allows  the  |M^^jj(A;irrf)p 
and  to  be  written  as 


M^^l^{kird)\‘^  =  ijnipd)f  ([7rnm(cos6'd)]^  +  [rnm(cos6'rf)]^)  ,  (D-2) 

|Ni^ri(^ird)P  =  n\n  +  lf  (P,,^(cos0rf))^ 

([ir„„(cos»J|=  +  [f„,„(cos»j)|").  (D-3) 


The  addition  theorem  for  spherical  harmonics  given  by  Arfken  (eq  (12.197), 
p  694)  [37]  can  be  rewritten  as 

n  2  9-^  _L  1 

^^{^^rnicOs9d))  =  - - - ,  (D-4) 

m=0  ^ 

and  a  summation  over  vector-spherical  harmonics  given  by  Jackson  (eq  (16.77), 
p  753)  [41]  can  be  rewritten  as 

/  .  (^nm(cOS  6'c())  “1“  {^Tnm\COS  Od))  ~  ,  (D-5) 

m=0  1  -I  ^ 
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so  that 

f  i:(2n+i)[(j„(p.))'+«(«+i)(^)' 

^  /  {d/ dpd){pdjn{pd)) 

V  Pd 

The  Rayleigh  equation  (Arfken  [37],  p  665)  gives 

OO 

exp(iprf/i)  =  ^  i”(2n  +  l)j„(prf)P„(p),  (D-7) 

n=0 

where  Pn{f^)  is  a  Legendre  polynomial.  Multiplying  each  side  of  equation 
(D-7)  by  its  complex  conjugate  and  integrating  over  /i  from  —1  to  1  gives 

OO 

^(2n  +  1)  {jn{pd)f  =  1  -  (joiPd)?  ■  (D-8) 

n=l 

The  Rayleigh  equation  can  be  used  in  essentially  the  same  way  to  obtain  the 
result 

jd/dpd)  ipdjnipd))\  ^  ^  1  j _ ^ _ ( jd/dpd)  jpdjojpd)) 

Pd  /  3  {pay  V  Pd 

By  using  the  differential  equation  of  the  Legendre  polynomial  and  the  Rayleigh 
equation  (D-7),  and  then  multiplying  and  integrating  as  before,  one  can  ob¬ 
tain  the  result 

f;(2n  +  l)n(n+l)(Pft?))'=2 

n=l  \  Pd  / 

Recalling  that  jo{pd)  =  [sin(prf)]/pd  then  allows  these  three  sums  to  be  com¬ 
bined  to  give  the  exact  result 

{Pd}ZP’  =  Y-  (D-ll) 

Because  the  emission  from  a  randomly  rotating  dipole  in  a  homogeneous 
medium  is  isotropic  in  the  far  held,  the  power  {Pd}  collected  by  an  aperture 
solid  angle  AD  in  the  far  held  is  simply  proportional  to  AD.  Then 

^  (f )  (f 

=  ^AD  (D-12) 

is  an  exact  result  for  all  AD  . 


OO 

y(2n  +  l) 

n=l 


23 


do  not  print 


24 


References 


1.  M.  D.  Barnes,  W.  B.  Whitten,  and  J.  M.  Ramsey,  “Detecting  single 
molecules  in  liquids,”  Anal.  Chem.  67,  418A-423A  (1995). 

2.  M.  D.  Barnes,  W.  B.  Whitten,  and  J.  M.  Ramsey,  “Detection  of  single 
Rhodamine  6G  molecules  in  levitated  microdroplets,”  Anal.  Chem.  65, 
2360-2365  (1993). 

3.  W.  B.  Whitten  and  J.  M.  Ramsey,  “Single-molecule  detection  limits  in 
levitated  microdroplets,”  Anal.  Chem.  63,  1027-1031  (1991). 

4.  W.  B.  Whitten  and  J.  M.  Ramsey,  “Photocount  probability  distribu¬ 
tions  for  single  fluorescent  molecules,”  Appl.  Spectrosc.  46,  1587-1589 
(1992). 

5.  K.  C.  Ng,  W.  B.  Whitten,  S.  Arnold,  and  J.  M.  Ramsey,  “Digital  chemi¬ 
cal  analysis  of  dilute  microdroplets,”  Anal.  Chem.  64,  2914-2919  (1992). 

6.  M.  D.  Barnes,  C.-Y.  Rung,  W.  B.  Whitten,  J.  M.  Ramsey,  and  S. 
Arnold,  “Molecular  fluorescence  in  a  microcavity:  Solvation  dynamics 
and  single  molecule  detection,”  Optical  Processes  in  Mieroeavities,  R. 
K.  Chang  and  A.  J.  Campillo,  eds.  (World  Scientihc,  Singapore,  1996), 
pp  135-165. 

7.  R.  C.  Pinnick,  S.  C.  Hill,  P.  Nachman,  J.  D.  Pendleton,  C.  L.  Fernan¬ 
dez,  M.  W.  Mayo,  and  J.  C.  Bruno,  “Fluorescence  particle  counter  for 
detecting  airborne  bacteria  and  other  biological  particles,”  Aerosol  Sci. 
Technol.  23,  653-664  (1995). 

8.  C.  Chen,  P.  Nachman,  R.  C.  Pinnick,  S.  C.  Hill,  and  R.  K.  Chang, 
“Conditional-firing  aerosol-fluorescence  spectrum  analyzer  for  individ¬ 
ual  airborne  particles  with  pulsed  266-nm  laser  excitation,”  Opt.  Lett. 
21,  1307-1309  (1996). 

9.  M.  F.  Buehler,  T.  M.  Allen,  and  E.  J.  Davis,  “Microparticle  Raman 
spectroscopy  of  multicomponent  aerosols,”  J.  Colloid  Interface  Sci.  146, 
79  (1991). 


25 


10.  J.-Z.  Zhang,  G.  Chen,  and  R.  K.  Chang,  “Pumping  of  stimulated  Ra¬ 
man  scattering  by  stimulated  Brillouin  scattering  within  a  single  liq¬ 
uid  droplet:  Input  laser  linewidth  effects,”  J.  Opt.  Soc.  Am.  B  7,  108- 
115  (1990).  J.  C.  Swindal,  D.  H.  Leach,  R.  K.  Chang,  and  K.  Young, 
“Precession  of  morphology-dependent  resonances  in  non-spherical  liq¬ 
uid  droplets,”  Opt.  Lett.  18,  191-193  (1993).  For  other  examples,  see 
the  review  chapter  by  S.  C.  Hill  and  R.  K.  Chang,  “Nonlinear  optics 
in  droplets,”  Studies  in  Classical  and  Quantum  Nonlinear  Optics,  O. 
Keller,  ed.  (Nova  Science,  Commack,  NY,  1995),  pp  171-242. 

11.  S.  D.  Druger,  S.  Arnold,  and  L.  M.  Folan,  “Theory  of  enhanced  energy 
transfer  between  molecules  embedded  in  spherical  dielectric  particles,” 
J.  Chem.  Phys.  87,  2649  (1987). 

12.  L.  Folan  and  S.  Arnold,  “Determination  of  molecular  orientation  at  the 
surface  of  an  aerosol  particle  by  morphology-dependent  photoselection,” 
Opt.  Lett.  13,  1-3  (1988). 

13.  M.  D.  Barnes,  C.-Y.  Kung,  W.  B.  Whitten,  J.  M.  Ramsey,  S.  Arnold, 
and  S.  Holler,  “Fluorescence  of  oriented  molecules  in  a  microcavity,” 
Phys.  Rev.  Lett.  76,  3931-3934  (1996). 

14.  H.-B.  Lin,  J.  D.  Eversole,  and  A.  J.  Campillo,  “Cavity-modihed  spon¬ 
taneous  emission  rates  in  liquid  microdroplets,”  Phys.  Rev.  A  45,  6756 
(1992). 

15.  M.  D.  Barnes,  W.  B.  Whitten,  S.  Arnold,  and  J.  M.  Ramsey,  “Homoge¬ 
neous  linewidths  of  Rhodamine  6G  at  room  temperature  from  cavity- 
enhanced  spontaneous  emission  rates,”  J.  Chem.  Phys.  97,  7842-7845 
(1992). 

16.  M.  D.  Barnes,  W.  B.  Whitten,  and  J.  M.  Ramsey,  “Enhanced  fluores¬ 
cence  yields  through  cavity-QED  effects  in  microdroplets,”  J.  Opt.  Soc. 
Am.  B  11,  1297-1304  (1994). 

17.  B.  V.  Bronk,  M.  J.  Smith,  and  S.  Arnold,  “Photon-correlation  spec¬ 
troscopy  for  small  spherical  inclusions  in  a  micrometer-sized  electrody¬ 
namically  levitated  droplet,”  Opt.  Lett.  18,  93-95  (1993). 

18.  D.  Ngo  and  R.  G.  Pinnick,  “Suppression  of  scattering  resonances  in  in¬ 
homogeneous  microdroplets,”  J.  Opt.  Soc.  Am.  A  11,  1352-1359  (1994). 


26 


19.  S.  C.  Hill,  H.  I.  Saleheen,  and  K.  A.  Fuller,  “Volume  current  method 
for  modeling  light  scattering  by  inhomogeneously  perturbed  spheres,” 
J.  Opt.  Soc.  Am.  A  12,  905-915  (1995). 

20.  H.  Chew,  P.  J.  McNulty,  and  M.  Kerker,  “Model  for  Raman  and  fluores¬ 
cent  scattering  by  molecules  embedded  in  small  particles,”  Phys.  Rev. 
A  13,  396-404  (1976). 

21.  S.  Druger  and  P.  J.  McNulty,  “Radiation  patterns  of  fluorescence  from 
molecules  embedded  in  small  particles:  General  case,”  Appl.  Opt.  22, 
75-82  (1983). 

22.  S.  C.  Hill,  H.  I.  Saleheen,  M.  D.  Barnes,  W.  B.  Whitten,  and  J.  M. 
Ramsey,  “Modeling  fluorescence  collection  from  single  molecules  in  mi¬ 
crospheres:  Effects  of  position,  orientation,  and  frequency,”  Appl.  Opt. 
35,  6278-6288  (1996). 

23.  S.  C.  Hill,  M.  D.  Barnes,  W.  B.  Whitten,  and  J.  M.  Ramsey,  “Collec¬ 
tion  of  fluorescence  from  single  molecules  in  microspheres:  Effects  of 
illumination  geometry,”  Appl.  Opt.,  in  press. 

24.  P.  Chylek,  “Mie  scattering  into  the  backward  hemisphere,”  J.  Opt.  Soc. 
Am.  63,  1467-1471  (1973). 

25.  W.  J.  Wiscombe  and  P.  Chylek,  “Mie  scattering  between  any  two  an¬ 
gles,”  J.  Opt.  Soc.  Am.  67,  572-573  (1977). 

26.  W.  P.  Chu  and  D.  M.  Robinson,  “Scattering  from  a  moving  spherical 
particle  by  two  crossed  coherent  plane  waves,”  Appl.  Opt.  16,  619-626 
(1977). 

27.  J.  D.  Pendleton,  “Mie  scattering  into  apertures,”  J.  Opt.  Soc.  Am.  72, 
1029-1033  (1982). 

28.  J.  D.  Pendleton,  A  Generalized  Mie  Theory  Solution  and  Its  Application 
to  Particle  Sizing  Interferometry,  Ph.D.  thesis  (University  of  Tennessee, 
Knoxville,  1982),  p  90. 

29.  J.  Y.  Son,  W.  M.  Farmer,  and  T.  V.  Giel,  Jr.,  “New  optical  geometry  for 
the  particle  sizing  interferometer,”  Appl.  Opt.  25,  4332-4337  (1986). 


27 


30.  J.  Y.  Son,  Multiple  Methods  for  Obtaining  Particle  Size  Distribution 
with  a  Particle  Sizing  Interferometer,  Ph.D.  thesis  (University  of  Ten¬ 
nessee,  Knoxville,  1985). 

31.  C.  F.  Bohren  and  D.  R.  Huffman,  Absorption  and  Scattering  of  Light 
by  Small  Particles  (Wiley,  New  York,  1983),  pp  82-101. 

32.  P.  W.  Barber  and  S.  C.  Hill,  Light  Scattering  by  Particles:  Computa¬ 
tional  Methods  (World  Scientific,  Singapore,  1990). 

33.  J.  P.  Barton  and  D.  R.  Alexander,  “Electromagnetic  fields  for  an  ir¬ 
regularly  shaped,  near-spherical  particle  illuminated  by  a  focused  laser 
beam,”  J.  Appl.  Phys.  69,  7973-7986  (1991). 

34.  E.E.M.  Khaled,  S.  C.  Hill,  and  P.  W.  Barber,  “Scattered  and  internal 
intensity  of  a  sphere  illuminated  with  a  Gaussian  beam,”  IEEE  Trans. 
Antennas  Propag.  41,  295-303  (1993). 

35.  C.-T.  Tai,  Dyadic  Green  Functions  in  Electromagnetic  Theory,  2nd  ed. 
(IEEE  Press,  Piscataway,  NJ,  1994),  ch.  10. 

36.  G.  Videen,  D.  Ngo,  P.  Ghylek,  and  R.  G.  Pinnick,  “Light  scattering  from 
a  sphere  with  an  irregular  inclusion,”  J.  Opt.  Soc.  Am.  A  12,  922-928 
(1995). 

37.  G.  Arfken,  Mathematical  Methods  for  Physicists,  3rd  ed.  (Academic 
Press,  San  Diego,  1985),  pp  198-200,  253,  678. 

38.  S.  L.  Belousov,  Tables  of  Normalized  Associated  Legendre  Polynomials 
(Pergamon,  New  York,  1962). 

39.  J.  A.  Stratton,  Electromagnetic  Theory  (McGraw-Hill,  New  York,  1941), 
p  401. 

40.  H.  G.  van  de  Hulst,  Light  Scattering  by  Small  Particles  (Dover,  New 
York,  1981),  pp  34,  124. 

41.  J.  D.  Jackson,  Classical  Electrodynamics,  2nd  ed.  (Wiley,  New  York, 
1975),  p  746. 

42.  M.  Abramowitz  and  I.  A.  Stegun,  Handbook  of  Mathematical  Eunctions 
(Dover,  New  York,  1964). 


43.  I.  S.  Gradshteyn  and  I.  M.  Ryzhik,  Table  of  Integrals,  Series,  and  Prod¬ 
ucts  (Academic,  New  York,  1980),  pp  1005,  1008. 

44.  K.  A.  Fuller,  “Scattering  and  absorption  cross  sections  of  compounded 
spheres.  I.  Theory  for  external  aggregation,”  J.  Opt.  Soc.  Am.  A  11, 
3251-3260  (1994). 


29 


Distribution 


Admnstr 

Defns  Techl  Info  Ctr 
Attn  DTIC-OCP 

8725  John  J  Kingman  Rd  Ste  0944 
FT  Belvoir  VA  22060-6218 

Central  Intllgnc  Agency  Dir  DB  Standard 
Attn  GE  47  QB 
Washington  DC  20505 

Chairman  Joint  Chiefs  of  Staff 
Attn  J5  R&D  Div 
Washington  DC  20301 

Defns  Intllgnc  Agency 
Attn  DT  2  Wpns  &  Sys  Div 
Washington  DC  20301 

Dir  of  Defns  Rsrch  &  Engrg 
Attn  DD  TWP 
Attn  Engrg 
Washington  DC  20301 

Ofc  of  the  Dir  Rsrch  and  Engrg 
Attn  R  Menz 
Pentagon  Rm  3E1089 
Washington  DC  20301-3080 

Ofc  of  the  Secy  of  Defns 
Attn  ODDRE  (R&AT)  G  Singley 
Attn  ODDRE  (R&AT)  S  Gontarek 
The  Pentagon 

Washington  DC  20301-3080 

OIR  CSB  CRB 
Attn  A  M  Jones 
RB  1413  OHM 
Washington  DC  20505 

OSD 

Attn  OUSD(A&T)/ODDDR&E(R)  J  Lupo 
The  Pentagon 

Washington  DC  20301-7100 

Commanding  Officer 
Attn  NMCB23 
6205  Stuart  Rd  Ste  101 
FT  Belvoir  VA  22060-5275 

CECOM 

Attn  PM  GPS  COL  S  Young 
FT  Monmouth  NJ  07703 


CECOM  RDEC  Elect  System  Div  Dir 
AttnJ  Niemela 
FT  Monmouth  NJ  07703 

CECOM 

Sp  &  Terrestrial  Commctn  Div 
Attn  AMSEL-RD-ST-MC-M  H  Soicher 
FT  Monmouth  NJ  07703-5203 

Dir  of  Chem  &  Nuc  Ops  DA  DCSOPS 
Attn  Techl  Lib 
Washington  DC  20301 

Dpty  Assist  Secy  for  Rsrch  &  Techl 
AttnSARD-TT  F  Milton  Rm  3E479 
The  Pentagon 

Washington  DC  20301-0103 

Hdqtrs  Dept  of  the  Army 
AttnDAMO-FDT  D  Schmidt  Rm  3C514 
400  Army  Pentagon 
Washington  DC  20301-0460 

US  Army  Engrg  Div 
Attn  HNDED  ED 
PO  Box  1500 
Huntsville  AL  35807 

US  Army  ERDEC 
Attn  I  Sindoni 
AttnJ  Embury 
Attn  M  Milham 
Attn  S  Christesen 
Attn  S  Godoff 
Attn  B  Bronk 

Aberdeen  Proving  Ground  MD  21005-5423 

US  Army  Matl  Cmnd 
Dpty  CG  for  RDE  Hdqtrs 
Attn  AMCRD  BG  Beauchamp 
5001  Eisenhower  Ave 
Alexandria  VA  22333-0001 

US  Army  Matl  Cmnd 
Prin  Dpty  for  Acquisition  Hdqrts 
Attn  AMCDCG-A  D  Adams 
5001  Eisenhower  Ave 
Alexandria  VA  22333-0001 


31 


Distribution  (cont'd) 


US  Army  Matl  Cmnd 
Prin  Dpty  for  Techlgy  Hdqrts 
Attn  AMCDCG-T  M  Fisette 
5001  Eisenhower  Ave 
Alexandria  VA  22333-0001 

US  Army  Mis  &  Spc  Intllgnc  Ctr 

Attn  AIAMS  YDL 

Redstone  Arsenal  AL  35898-5500 

US  Army  NGIC 
Attn  Rsrch  &  Data  Branch 
220  7th  Stret  NE 
Charlottesville  VA  22901-5396 

US  Army  Nuc  &  Cheml  Agency 
7150  Heller  Loop  Ste  101 
Springfield  VA  22150-3198 

US  Army  Rsrch  Ofc 
Attn  AMXRO-ICA  B  Mann 
PO  Box  12211 

Research  Triangle  Park  NC  27709-2211 

US  Army  Strtgc  Defns  Cmnd 
Attn  CSSD  H  MPL  Techl  Lib 
Attn  CSSD  H  XM  Davies 
PO  Box  1500 
Huntsville  AL  35807 

US  Military  Academy 
Dept  of  Mathematical  Sci 
Attn  MAJ  D  Engen 
West  Point  NY  10996 

USAASA 

Attn  MOAS-AI  W  Parron 
9325  Gunston  Rd  Ste  N319 
FT  Belvoir  VA  22060-5582 


GPS  Joint  Prog  Ofc  Dir 

Attn  COL  J  Clay 

2435  Vela  Way  Ste  1613 

Los  Angeles  ALB  CA  90245-5500 

Special  Assist  to  the  Wing  Cmndr 
Attn  50SW  /  CCX  Capt  P  H  Bernstein 
300  O'Malley  Ave  Ste  20 
Falcon  ALB  CO  80912-3020 

DARPA 

Attn  B  Kaspar 

Attn  L  Stotts 

Attn  Techl  Lib 

3701  N  Fairfax  Dr 

Arlington  VA  22203-1714 

US  Dept  of  Energy 
Attn  KK  22  K  Sisson 
Attn  Techl  Lib 
Washington  DC  20585 

ARL  Electromag  Group 

Attn  Campus  Mail  Code  F0250  A  Tucker 

University  of  Texas 

Austin  TX  78712 

US  Army  Rsrch  Lab 

Attn  AMSRL-CI-LL  Techl  Lib  (3  copies) 

Attn  AMSRL-CS-AL-TA  Mail  &  Records 
Mgmt 

Attn  AMSRL-CS-AL-TP  Techl  Pub  (3  copies) 
Attn  AMSRL-IS-EE  S  C  Hill  (15  copies) 

Attn  AMSRL-IS-EE  J  D  Pendleton  (15  copies) 
Adelphi  MD  20783-1197 


Chief  of  Nav  OPS  Dept  of  the  Navy 
Attn  OP  03EG 
Washington  DC  20350 


32 


REPORT  DOCUMENTATION  PAGE 


Form  Approved 
0MB  No.  0704-0188 


Public  reporting  burden  for  this  coiiection  of  information  is  estimated  to  average  1  hour  per  response,  including  the  time  for  reviewing  instructions,  searching  existing  data  sources, 
gathering  and  maintaining  the  data  needed,  and  compieting  and  reviewing  the  coiiection  of  information.  Send  comments  regarding  this  burden  estimate  or  any  other  aspect  of  this 
coiiection  of  information,  inciuding  suggestions  for  reducing  this  burden,  to  Washington  Headquarters  Services,  Directorate  for  Information  Operations  and  Reports,  1 21 5  Jefferson 
Davis  Highway,  Suite  1204,  Ariington,  VA  22202-4302,  and  to  the  Office  of  Management  and  Budget,  Paperwork  Reduction  Project  (0704-0188),  Washington,  DC  20503. 


1.  AGENCY  USE  ONLY  (Leave  blank) 


2.  REPORT  DATE 

December  1 997 


3.  REPORT  TYPE  AND  DATES  COVERED 


Final,  from  December  1 995  to  May  1 997 


4.  TITLE  AND  SUBTITLE 


Collection  of  Emission  from  an  Oscillating  Dipole  Inside  a  Sphere: 
Analytic  Integration  Over  a  Circular  Aperture 


6.  AUTHOR(S) 

I.  David  Pendleton  and  Steven  C.  Hill 


5.  FUNDING  NUMBERS 

DA  PR:  B53A 
PE:  P61102 


7.  PERFORMING  ORGANIZATION  NAME(S)  AND  ADDRESS(ES) 

U.S.  Army  Research  Laboratory 
Attn:  AMSRL-IS-EE 
2800  Powder  Mill  Road 
Adelphi,  MD  20783-1197 


9.  SPONSORING/MONITORING  AGENCY  NAME(S)  AND  ADDRESS(ES) 

U.S.  Army  Research  Laboratory  U.S.  DOE 

2800  Powder  Mill  Road  Office  of  Research  and  Development 

Adelphi,  MD  20783-1 1 97  Washington,  DC  20585 


8.  PERFORMING  ORGANIZATION 
REPORT  NUMBER 


ARL-TR-1399 


10.  SPONSORING/MONITORING 
AGENCY  REPORT  NUMBER 


11.  SUPPLEMENTARY  NOTES 

AMS  code:  611102.53A11 
ARL  PR:  7FEJ60 


12a.  DISTRIBUTION/AVAILABILITY  STATEMENT 

Approved  for  public  release;  distribution  unlimited. 


13.  ABSTRACT  (Maximum  200  words) 

We  describe  a  method  for  analytically  integrating,  over  a  circular  aperture,  the  emission  from  an 
oscillating  dipole  inside  a  dielectric  sphere.  The  model  is  useful  for  investigating  fluorescence, 

Raman,  or  other  emission  from  molecules  inside  spherical  particles  or  droplets.  The  analysis  is 
performed  for  two  cases:  (1 )  the  dipole  emits  from  a  fixed  orientation,  and  (2)  the  dipole  emits  from  all 
orientations.  In  both  cases,  all  light  entering  the  aperture  is  collected.  The  second  case  models  the 
collection  of  emission  from  a  molecule  that  is  excited  repeatedly;  after  each  excitation,  it  rotates  to  a 
random  orientation  before  emitting.  These  results  are  applicable  to  single-molecule  detection  tech¬ 
niques  employing  microdroplets  and  to  other  techniques  for  characterizing  microparticles  through  the 
use  of  luminescence  or  inelastic  scattering. 


14.  SUBJECT  TERMS 


Fluorescence,  electromagnetic  waves,  emission,  microspheres,  scattering, 
single-molecule  detection 


17.  SECURITY  CLASSIFICATION 
OF  REPORT 


18.  SECURITY  CLASSIFICATION 
OF  THIS  PAGE 


Unclassified 


Unclassified 


19.  SECURITY  CLASSIFICATION 
OF  ABSTRACT 

Unclassified 


IS.  NUMBER  OF  PAGES 

35 


20.  LIMITATION  OF  ABSTRACT 


NSN  7540-01-280-5500 


Standard  Form  298  (Rev.  2-89) 
Prescribed  by  ANSI  Std.  Z39-18 
298-102 


33 


